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ABSTRACT
Enteric methane emission is a major greenhouse gas 
from livestock production systems worldwide. Dietary 
manipulation may be an effective emission-reduction 
tool; however, the associated costs may preclude its use 
as a mitigation strategy. Several studies have identified 
dietary manipulation strategies for the mitigation of 
emissions, but studies examining the costs of reducing 
methane by manipulating diets are scarce. Further-
more, the trade-off between increase in dietary costs 
and reduction in methane emissions has only been de-
termined for a limited number of production scenarios. 
The objective of this study was to develop an optimiza-
tion framework for the joint minimization of dietary 
costs and methane emissions based on the identification 
of a set of feasible solutions for various levels of trade-
off between emissions and costs. Such a set of solutions 
was created by the specification of a systematic grid of 
goal programming weights, enabling the decision maker 
to choose the solution that achieves the desired trade-
off level. Moreover, the model enables the calculation of 
emission-mitigation costs imputing a trading value for 
methane emissions. Emission imputed costs can be used 
in emission-unit trading schemes, such as cap-and-trade 
policy designs. An application of the model using data 
from lactating cows from dairies in the California Cen-
tral Valley is presented to illustrate the use of model-
generated results in the identification of optimal diets 
when reducing emissions. The optimization framework 
is flexible and can be adapted to jointly minimize diet 
costs and other potential environmental impacts (e.g., 
nitrogen excretion). It is also flexible so that dietary 
costs, feed nutrient composition, and animal nutrient 
requirements can be altered to accommodate various 
production systems.
Key words:  environmental impact, methane, diet 
formulation, linear programming
INTRODUCTION
Dietary factors associated with methane (CH4) 
emissions have been traditionally examined with the 
objective of determining nutritional characteristics as-
sociated with gaseous energy losses (Blaxter and Clap-
perton, 1965; Moe and Tyrrell, 1979). In recent years, 
research on CH4 emissions has been redirected to the 
reduction of greenhouse gas (GHG) emissions because 
CH4 emission from livestock production is an impor-
tant GHG source worldwide. For instance, in 2012 CH4 
emissions from enteric fermentation accounted for 25% 
of total US CH4 emissions from anthropogenic sources 
(EPA, 2014). Although representative, it is important 
to point out that the agriculture sector as a whole is 
only responsible for 8.1% of total US GHG emissions, 
and its main contributor is agricultural soil manage-
ment (EPA, 2014). In this context, several studies have 
been conducted to identify and review technical options 
for mitigating CH4 emissions (e.g., Boadi et al., 2004; 
Martin et al., 2010; Gerber et al., 2013; Hristov et al., 
2013), and dietary manipulation has been suggested as 
a key mitigation tool (Kebreab et al., 2010). Recently, 
interest has increased on practical aspects related to 
the implementation of mitigation strategies and also 
on the associated mitigation costs (e.g., Doreau et al., 
2014; Pacheco et al., 2014). Mathematical models play 
a major role in the determination of costs associated 
with CH4 mitigation and also in the investigation of 
the compromise between reducing CH4 emissions and 
increased mineral and nitrogen excretion (Moraes et 
al., 2012; Dijkstra et al., 2013; Sauvant et al., 2014). 
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Several models have been developed to predict CH4 
emissions from various classes of animals and to identify 
central processes in the ruminal digestion of carbohy-
drates that may be altered to mitigate emissions (Moe 
and Tyrrell, 1979; Baldwin, 1995; Kebreab et al., 2004; 
Moraes et al., 2014). However, only a limited number 
of studies have examined the application of decision-
making models for mitigating CH4 emissions from dairy 
systems through dietary manipulation.
Mathematical programming models have been used 
to optimize the use of scarce resources in various eco-
nomic sectors (e.g., Dantzig, 1963; Kennedy, 1986). In 
the livestock industry, such models have been mostly 
developed to optimize diets (St-Pierre and Harvey, 
1986; Tedeschi et al., 2000), to examine optimal policies 
in reproductive-management programs (De Vries, 2006; 
Giordano et al., 2012), and to identify optimal animal-
replacement strategies (Kristensen, 1992; Nielsen et 
al., 2010). The application of decision-making models 
to improve the sustainability of the livestock industry 
has frequently focused on minimizing and managing 
mineral and nitrogen balance and excretion. For in-
stance, Jean dit Bailleul et al. (2001) and Pomar et 
al. (2007) modified the least cost diet algorithm to 
minimize nitrogen and phosphorus excretion by pigs. 
Dubeau et al. (2011) proposed multicriteria program-
ming models to reduce nitrogen and phosphorus excre-
tion by pigs based on the observation that a trade-off 
existed between diet cost and environmental impacts of 
pig production. Moreover, Cabrera (2010) developed a 
Markovian model to optimize replacement policies and 
dairy-herd net income for diets and nitrogen excretion. 
The demand for these optimization models is driven by 
the increase in the establishment of environmental poli-
cies regulating the livestock industry (Oenema, 2004). 
In California, a cap-and-trade system to reduce GHG 
emissions has already been implemented by the Califor-
nia Air Resources Board (CARB, 2008). The potential 
application of a cap-and-trade policy scheme to the 
dairy industry was examined by Moraes et al. (2012), 
who showed that mitigating CH4 emissions from US 
dairy cows by dietary manipulation may be expensive. 
The same authors advocated that optimization mod-
els may assist dairy producers when complying with 
CH4-emission regulatory policies in an optimal manner. 
Therefore, the objective of this study was to develop an 
optimization framework for the joint minimization of 
dietary costs and CH4 emissions through the identifica-
tion of the set of feasible solutions for various levels 
of trade-offs between dietary costs and emissions. This 
framework extends the model from Moraes et al. (2012) 
and provides the decision maker the opportunity to se-
lect the most desired solution according to current feed 
prices and policy regulations.
MATERIALS AND METHODS
General Framework
The model was structured in 3 sequential parts. In 
the first part, an equation was developed to predict 
CH4 emissions from lactating dairy cows using a large 
database of indirect calorimetry records. In the second 
part, 2 linear programming models were developed 
and solved for the individual minimization of dietary 
costs and CH4 emissions. In the third part, a weighted 
goal programming model was developed and solved for 
the joint minimization of diet costs and CH4 emissions 
from lactating dairy cows. The CH4 prediction equation 
from the first part was used in both the linear program-
ming and goal programming models. Likewise, the 2 
linear programming models were used to determine the 
targets and goal constraints in the goal programming 
model.
Prediction of Methane Emissions
The objective of this section was to develop a model 
that could predict CH4 emissions from lactating dairy 
cows and could be directly adapted to a constraint equa-
tion or objective function from a linear programming 
model. The main assumptions of linear programming 
models are proportionality and additivity (Winston 
and Venkataramanan, 2002). The proportionality as-
sumption requires that the contribution of each deci-
sion variable to the objective function or constraint is 
proportional to the value of the variable itself. Similarly, 
the additivity assumption requires that the contribution 
of each decision variable is independent of the value 
of the other variables (Winston and Venkataramanan, 
2002). The prediction model was therefore developed 
using nutrient intakes as independent variables because 
those would result in a model with proportional and 
additive decision variables representing intakes of feeds. 
A systematic and sequential model-selection strategy 
was used to identify the independent variables that 
were fundamental in predicting CH4 emissions. First, 
all possible models resulting from the use of NDF, ether 
extract (EE), CP, and ME intakes as independent vari-
ables were constructed, and the condition indexes of 
the design matrices were determined with the perturb 
package in the software R (Hendrickx, 2012). Models 
for which the largest index was greater than 10 were 
discarded because possible issues with multicollinearity 
arise when the condition number is between 10 and 
30 and the presence of multicollinearity is severe when 
the condition number is greater than 30 (Belsley et 
al., 1980). The remaining models were fitted, and the 
model with the smallest deviance information criterion 
was selected (Spiegelhalter et al., 2002).
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The data used for model development were from the 
database of lactating cows described by Moraes et al. 
(2014). Multiple records on the database originated 
from the same animal and were grouped into various 
studies. A mixed effects model was therefore used to 
represent the correlation between observations from the 
same animal and study. Linear mixed effects models 
have a natural representation as Bayesian hierarchical 
models (Jiang, 2007). Furthermore, previous analysis 
of these data suggested the presence of outlying CH4 
emissions records (Moraes et al., 2014). Therefore, the 
models were fitted with a Student’s t distribution for 
the observations providing robustness to outlying ob-
servations. Specifically, we implemented the model as a 
3-stage Bayesian hierarchical model for which the first-
stage hierarchy specified a model for the data given the 
location parameters β, αi, γj; the dispersion parameter 
τ; and the degrees of freedom parameter ν:
 y tijk i j ijk ijk i ijk j| , , , , , ,β γ β γα α,
T T Tτ ν τ ν~ x z z1 2+ +( )  [1]
where T denotes the transpose of a matrix or vector, 
yijk is kth record (k = 1, …, nij) on the ith animal (i 
= 1, …, I) in the jth study (j = 1, …, J), β is the p 
× 1 vector of fixed regression coefficients, αi is the p 
× 1 vector of random regression coefficients associated 
with the ith animal, γj is the p × 1 vector of random 
regression coefficients associated with the jth study, xijk 
is the p × 1 covariate vector for the fixed effects, and 
z1ijk and z2ijk are p × 1 covariate vectors for the random 
effects. Furthermore, t(μ,τ,ν) is the Student’s t distribu-
tion with density
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In this notation, Γ(.) represents the gamma function. 
In this notation, μ represents the mean and π the π 
number. The second-stage hierarchy specified the dis-
tribution of the random effects given their variance 
components. Random effects were assumed to be mutu-
ally independent and distributed as
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where N(0,Ω1) and N(0,Ω2) are pth dimensional 
multivariate Gaussian densities centered at zero and 
with precision matrices Ω1 and Ω2 of order p. These 
Gaussian densities are parameterized in terms of the 
precision matrix for which N(μ,Ω) has density f(x) = 
(2π)−p/2|Ω|1/2exp[−1/2(x − μ)TΩ(x − μ)]. The third-
stage hierarchy specified prior distributions for the 
model parameters using minimally informative prior 
distributions (Gelman et al., 2004):
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where N(0,Ip10
−6) is a pth dimensional multivariate 
Gaussian density, 0 is a p × 1 vector of zeros, Ip is 
the identity matrix of order p; W(R,ξ) is the Wis-
hart distribution with density f(Xp×p) = |R|
ξ/2|X|(ξ−
p−1)/2exp[−1/2tr(RX)], where tr(X) represents the 
trace of the matrix X, R is the scale matrix and ξ 
the degrees of freedom. Furthermore, Gam(r, λ) is the 
Gamma distribution with density f(x) = [λrxr−1exp(−
λx)]/[Γ(r)], where λ and r are the rate and shape 
parameters, respectively. Uniform(a, b) is the uniform 
distribution with density f(x) = 1/(b − a), a ≤ x ≤ b, 
where a and b are the parameters determining the dis-
tribution support. The use of these distributions in the 
third-stage hierarchy specifies minimally informative 
prior densities so the analysis is mostly influenced by 
the observed data. For example, using β ~ N(0,Ip10
−6) 
sets a prior density with small precision or large vari-
ance (106). Therefore, the prior knowledge incorporated 
into the analysis is minimal because a large uncertainty 
is assigned in the distribution of β.
The estimation was based on Markov Chain Monte 
Carlo methods in the OpenBugs software (Thomas et 
al., 2006), which was interfaced with R through the 
BRugs package (Ligges, 2013). Two chains with dis-
persed initial values were monitored through trace, 
correlation, and history plots for determination of con-
vergence. The Gelman-Rubin diagnostic was further 
used to investigate chain convergence (Gelman and 
Rubin, 1992). The ability of the model in fitting the 
data was investigated by the root mean square error 
(RMSE), defined by RMSE = −( )−n 1 2
1 2
y Xˆ ,
/
E  and 
through diagnostics plots. In this notation, n is the 
number of observations, y is the vector of observed CH4 
emissions, X is the design matrix, Eˆ is the vector of 
estimates of regression parameters, and ⋅  is the Eu-
clidean norm of a vector.
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Linear Programming Models
Two linear programming models were developed to 
individually minimize diet costs and CH4 emissions from 
lactating dairy cows. The first model is the traditional 
least cost diet model, and the second model is a modi-
fied version of the linear programming model proposed 
by Moraes et al. (2012) to minimize daily CH4 emissions 
based on nutrient intakes. Models were formulated to 
deliver nutrients to sustain the milk production levels 
from Castillo et al. (2013). Summary statistics describ-
ing the dairies from Castillo et al. (2013) are in Table 
1. Daily nutrient requirements of animals and nutrient 
composition of feeds were calculated according to the 
NRC (2001) guidelines. Both linear programming mod-
els were solved in the lpSolve package of the software R 
(Buttrey, 2005).
Least Cost Diet Model. The least cost diet model 
was formulated to minimize diet costs while delivering 
nutrients to sustain a given level of milk production. 
The model objective function and constraints are de-
scribed as follows:
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 xj ≥ 0, j = 1, …, n,  [8]
where Equation [4] is the objective function for which 
z1 is the value representing dietary costs ($/cow·d) for 
the first linear programming model, cj is the cost of 
feed j ($/kg of DM), xj is the jth decision variable rep-
resenting the amount of feed j (kg of DM), and n is the 
number of feeds. Feeds available for diet formulations 
were from Castillo et al. (2013) and represent feeds 
used by 39 dairies surveyed in Merced County, Califor-
nia. Feed costs were collected locally in California and 
represent costs from February and March 2013 (Table 
2). Equations [5] to [8] are constraint equations that 
determine the feasible region. In particular, Equation 
[5] sets the minimum nutrient requirement by using aij 
as the content of nutrient i on feed j (MJ, g or mg/
kg of DM) and bi as the animal requirement of nutri-
ent i (MJ, g or mg/cow·d). Diets were formulated to 
sustain the milk production of the 39 dairies described 
by Castillo et al. (2013). Nutrient requirements of cows 
and nutrient composition of feeds were used according 
the NRC (2001) system as described in Moraes et al. 
(2012). However, the iterative procedure described by 
Moraes et al. (2012) for adjusting RDP, RUP, and NEL 
values and requirements was not used because of the 
relative robustness of the model solutions to changes 
in DMI. In particular, the feed-composition matrix 
and the vector of constraint right-hand sides were not 
iteratively updated as described by Moraes et al. (2012) 
to account for proportional changes in nutrient com-
position of feeds with deviations from the initial DMI. 
Equation [6] sets nutrient proportions and the inclusion 
of feeds to levels within predetermined intervals. In this 
notation, φij is the proportion of nutrient i in feed j 
(kg/kg of DM) and ui and li are the lower and upper 
limits in kilograms per kilogram of DM. Specifically, 
dietary NDF (kg/kg of DM) was set between 0.3 and 
0.4, dietary CP (kg/kg of DM) was set to be lower 
than 0.2, dietary forage percentage (kg/kg of DM) was 
set to be between 0.35 and 0.65, and dietary EE (kg/
kg of DM) was set to be lower than 0.06. The inclu-
Table 1. Summary statistics describing the 39 dairies from Castillo et al. (2013) used in the linear and goal 
programming models
Item Mean Minimum Maximum SD
Milk yield (kg/cow·d) 31.2 20.4 43.4 5.2
Milk fat (%) 3.58 2.97 4.25 0.19
Milk protein (%) 3.08 2.90 3.33 0.10
Milk lactose (%) 4.80 4.71 4.92 0.05
DMI (kg of DM/cow·d) 23.1 18.5 26.0 1.8
Diet NDF (% of DM) 35.1 29.9 42.1 2.5
Diet ether extract (% of DM) 4.5 2.4 7.3 0.9
Diet CP (% of DM) 17.4 13.9 22.1 1.4
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sion of determined feeds in the diet were also limited 
to predetermined proportions (Table 2) to ensure the 
formulation of realistic diets that would be readily ac-
cepted by dairy producers. Equation [7] was used to set 
the maximum DMI h (kg of DM/cow·d) using the TMR 
intakes from Castillo et al. (2013).
Minimum Methane Model. The minimum CH4 
model was formulated to minimize CH4 emissions while 
delivering nutrients to sustain a given level of milk pro-
duction. The model objective function and constraints 
are described as follows:
 min ,, ,z x xj j
j
n
p p j j
j
n
2 0 1 1
1
1 1
1
= + + +
=
− −
=
∑ ∑β β φ β φ  [9]
subject to
 x ∈ F,  [10]
where Equation [9] is the objective function for which 
z2 is the value (MJ/cow·d) representing daily CH4 emis-
sions for the second linear programming model, Ek k
p{ }
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are the fixed regression coefficients from Equation [1], 
Ik j
k
p
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1
 are the fractions of nutrients (for the indepen-
dent variables in Equation [1]) of feed j (kg/kg of DM), 
and xj is the amount of feed j (kg of DM). Equation [10] 
is used to state that the constraints of this linear pro-
gramming model are the same ones used in the least 
cost diet model that specify a feasible region F con-
strained by Equations [5] to [8].
Goal Programming Model
In the third part of the study, a goal programming 
model (Romero and Rehman, 1989) was developed to 
simultaneously minimize diet costs and CH4 emissions. 
In the goal programming framework, deviations from 
target values of each goal are minimized in a composite 
objective function. In this study, CH4 emissions and 
diet costs deviations from the optimal values of the 
objective functions of the 2 linear programming models 
were minimized. Similar to the linear programming 
models, the goal programming model was formulated to 
deliver nutrients to sustain the milk-production levels 
from Castillo et al. (2013), and daily nutrient require-
ments of animals and nutrient composition of feeds 
were calculated according the NRC (2001) guidelines. 
A weighted goal programming framework was used for 
which various levels of trade-off were determined by the 
systematic variation of the objective function weights. 
The model structure is described as follows:
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x ∈ F,
where z3 is the goal programming objective function 
value for the third model, wq is the weight of the qth 
goal (goal one is to minimize diet cost and goal 2 is to 
minimize CH4 emissions), nq and pq are the negative 
Table 2. Dietary feed upper limits and feed costs
Feed Limit1 Cost2
Alfalfa silage No limit 0.30
Alfalfa hay No limit 0.29
Almond hulls 0.10 0.20
Bakery waste 0.05 0.42
Barley grain No limit 0.41
Barley silage No limit 0.16
Canola meal 0.10 0.47
Corn gluten feed 0.05 0.36
Corn grain—flaked No limit 0.43
Corn silage No limit 0.21
Whole cottonseed No limit 0.44
Corn dried distillers grain 0.10 0.39
Grass silage No limit 0.13
Molasses 0.01 0.27
Oats hay No limit 0.19
Oats silage No limit 0.16
Rice bran 0.05 0.30
Soybean meal 0.10 0.58
Sugar beet pulp 0.10 0.36
Tomatoes 0.05 0.12
Wheat hay No limit 0.25
Wheat silage No limit 0.17
Whey 0.01 0.17
Sodium bicarbonate 0.005 0.34
Sodium chloride 0.005 0.14
Mineral premix A3 No limit 1.05
Mineral premix B4 No limit 0.76
Mineral premix C5 No limit 7.15
1In kilograms per kilogram of diet DM.
2In dollars per kilogram of DM. Collected locally in California from 
February and March 2013.
3Contained 15% Ca and 21% P.
4Contained 22.5% S, 18% K, and 11.5% Mg.
5Contained 3.75% Zn, 3% Mn, 1.25% Cu, and 0.25% Co.
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and positive deviation variables for goal q (nj and pj 
≥0), tq is the target value for goal q, and Equations [12] 
and [13] are the goal constraints. The technical con-
straints specifying the feasible region F are same as 
before (Equations [5]–[8]). It is important to note that 
this model specification naturally accommodates the 
goal programming restriction nqpq = 0, q = 1, 2. The 
individual linear programming models’ optimal values 
(Equations [4] and [9]) were used to set up the targets, 
that is t1 = z1 and t2 = z2. Furthermore, to identify the 
set of feasible solutions of the goal programming model, 
the exploration of the feasible set was conducted by the 
construction of a grid of weights for which wq
q
=
=
∑ 1
1
2
, as 
suggested by Jones and Tamiz (2010). For instance, a 
factorial experiment was created with w1 and w2 vary-
ing from (1, 0) to (0, 1) in increments of 0.001. At each 
one of the 1001 loci, the goal programing model was 
solved and solutions used for the construction of the 
solution set. In this weight grid specification, when w1 
= 0, all the weight is placed in minimizing CH4 emis-
sions and the goal programming model reduces to the 
minimum CH4 model (Equation [9]). On the other 
hand, when w2 = 0, all the weight is placed in minimiz-
ing dietary costs and the goal programming model re-
duces to the least cost diet model (Equation [4]). At the 
intermediate weight grid loci, a trade-off is imposed 
with the different weights on minimizing diet costs ver-
sus minimizing CH4 emissions. The goal programming 
model was solved in the lpSolve package of the software 
R (Buttrey, 2005).
Sensitivity analysis plays an essential role in the inter-
pretation of results in operations research. For instance, 
shadow prices represent the change in the objective 
function value by perturbing the right-hand side of a 
constraint by one unit (Winston and Venkataramanan, 
2002). From an economic perspective, it represents the 
marginal value associated with an additional unit of a 
scarce resource. Moraes et al. (2012) used shadow prices 
to determine the price dairy producers would be willing 
to pay on carbon equivalent units in a potential carbon 
credit market. These determined marginal values were 
used to impute a trading value for residual emissions 
and calculate the marginal cost of CH4 emission mitiga-
tion (Moraes et al., 2012). Dairy producers could then 
decide between implementing regulatory policies on site 
and purchasing credits in a carbon credit market. In 
this study, we propose an alternative methodology to 
calculate the cost of CH4 mitigation through dietary 
manipulation that is directly determined by the goal 
programming model. We define the CH4-emission miti-
gation cost (MC) as
 MC($/MJ)
Cost($/d)
CH (MJ/d)
,
4
=
Δ
Δ
 [14]
where ΔCost = Diet Costs − Diet Costs−1 and ΔCH4 = 
CH4,s − CH4,s−1 for the sth distinct solution of the solu-
tion set generated by the goal programming model. The 
interpretation of the MC generated by Equation [14] is 
similar to the shadow prices determined by Moraes et 
al. (2012): the increase in dietary costs associated with 
a unit mitigation of CH4 emissions.
RESULTS
Prediction of Methane Emissions
The best model (smallest deviance information crite-
rion) fitted to predict CH4 emissions used NDF and CP 
intakes as independent variables:
CH4 = 4.59 (0.68) + 1.46 (0.16) × NDF  
 + 1.39 (0.31) × CP,  [15]
where CH4 is the methane emission (MJ/cow·d), NDF 
is the NDF intake (kg of DM/cow·d), and CP is the 
CP intake (kg of DM/cow·d). The model RMSE was 
3.12 MJ/d or 19.4% of the mean observed CH4 emis-
sion (16.6 MJ/cow·d), suggesting a good ability of the 
selected model in describing the data. It is important 
to note that nutrient intakes were used as independent 
variables so the prediction equation could be directly 
used in the linear and goal programming models. Fur-
thermore, the condition number of the design matrix 
(largest condition index) was 8.89, suggesting that 
multicollinearity was not an issue in this prediction 
equation (Belsley et al., 1980), and diagnostics plots 
(Figure 1) suggest good ability of the model in describ-
ing the data.
Linear Programming Models
The 2 linear programming models generated, as ex-
pected, distinct solutions. Diet costs, CH4 emissions, 
and nutrient composition of the solutions from the 2 
models are in Table 3. The least cost diet model gener-
ated a cheaper diet that resulted in more CH4 emitted 
than the diet formulated by the minimum CH4 model. 
The diet formulated by the least cost diet model cost 
$5.95/cow·d and generated a predicted CH4 emission of 
21.6 MJ/cow·d. The minimum CH4 model formulated a 
diet at a cost of $7.31/cow·d and generated a predicted 
CH4 emission of 17.9 MJ/cow·d. The reduction in CH4 
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emissions was obtained by the manipulation of the nu-
trient composition of the diet and also by a reduction in 
DMI for the same level of milk production. In particu-
lar, dietary NDF was reduced to the minimum propor-
tion set by the model constraints (0.30 kg/kg of DM) 
in the minimum CH4 model. Similarly, when comparing 
the least cost with the minimum CH4 model, the CP 
content of the diet increased from 0.181 to 0.198 (kg/kg 
of DM) and the EE content of the diet increased from 
0.056 to 0.060 (kg/kg of DM), which was the maximum 
set by the model constraint. Likewise, the NEL content 
of the diet increased from 6.63 to 7.22 MJ/kg of DM 
when comparing the least cost and the minimum CH4 
models. The DMI decreased from 20.3 to 18.7 kg of 
DM/cow·d for the least cost and the minimum CH4 
models, respectively. Nutrient composition differences 
in the 2 models were a result of the selection of dif-
ferent feeds and proportions of these feeds comprising 
the formulated diets. In the least cost diet model, oats 
and corn silages were the main forage sources, but in 
the minimum CH4 model, oats silage was replaced by 
alfalfa silage. The replacement of oats silage by alfalfa 
silage occurred because of the often-lower proportion 
of NDF in alfalfa silage than in oats silage. Similarly, 
the major diets’ concentrate fractions were also altered 
when comparing the least cost and minimum CH4 mod-
els. The model reduced the selection of feeds rich in 
NDF and increased the use of feeds rich in energy and 
protein, causing a reduction in CH4 achieved by a lower 
level of DMI.
Goal Programming Model
The weighting scheme of the goal programming 
model generated a solution set with 12 distinct solu-
tions. Each solution represents a diet with distinct cost 
and predicted CH4 emission (Table 4, Figure 2). It is 
important to note that only 12 solutions were distinct 
because incremental changes of weights were often not 
Figure 1. Diagnostic plots of the methane prediction model. Graph (a) shows observed versus predicted values with a line that has zero 
intercept and slope equal to one. Graph (b) shows residuals versus predicted values. Predicted CH4 emissions were calculated using only the 
fixed effects, i.e., ˆ ˆy X= β. Similarly, residuals were calculated using only the fixed effects, i.e., e y X= − βˆ. In this notation, yˆ are the predicted 
values, βˆ are the estimated regression coefficients, y are the observed methane emissions, and e are the residuals.
Table 3. Dietary nutrient composition, diet costs and methane 
emissions from the least cost and minimum methane linear 
programming models
Item1
Least cost  
model
Minimum  
CH4 model
Diet cost ($/cow·d) 5.95 7.31
CH4 (MJ/cow·d) 21.58 17.91
DMI (kg/cow·d) 20.32 18.66
Diet NDF (% of DM) 40.00 30.00
Diet ether extract (% of DM) 5.62 6.00
Diet CP (% of DM) 18.10 19.78
Diet NEL (MJ/kg of DM) 6.63 7.22
1CH4 = methane emission.
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large enough to cause a change in basis from the previ-
ous solution (i.e., the solution moving to another vertex 
of the simplex). Figure 3 shows the changes in the solu-
tions with incremental changes in the weights. The 2 
curves represent deviations of the goal programming 
solution from the target level: p1 ($/cow·d) represents 
the deviation in dietary costs from its target and p2 
(MJ/cow·d) represents the deviation in CH4 emission 
from its target. The x-axis is the locus of the weight 
grid starting with objective function weights of (1, 0) 
for locus 1, where all weight was placed in minimizing 
diet cost, until (0, 1) for locus 1001, where all weight 
was placed in minimizing emissions. The segments of 
the curves that have zero slope represent changes in 
weights for which a change in solution basis did not 
occur. Conversely, the jump points in the curves rep-
resent weights for which a new solution is identified, 
representing the formulation of a new diet with new 
cost and predicted CH4 emissions. Furthermore, the 
range in weights (Table 4) that determined a given CH4 
emission and diet cost, or similarly the length of the 
curve segments (Figure 3) with no jump points, can 
be used to assess the sensitivity of a specific diet to 
an intensity level of CH4 mitigation. For instance, if 
the range of weights for a given level of CH4 emission 
and diet cost is large, that solution level is relatively 
insensitive to small changes in the desired trade-off. 
Conversely, if solutions are more sensitive to changes in 
the weighting, the range of weights for a given level of 
CH4 and costs will be narrow. Similarly, the graphical 
representation of the stability of solutions presented in 
Figure 3 has p1 and p2 plotted versus the weight grid 
locus. The proportional decrease in w1 (decreasing the 
weight of minimizing diet cost) caused the increase in 
p1, leading to an increase in dietary costs and decrease 
in CH4 emissions. Likewise, the sequential increase in 
w2 (increasing the weight of minimizing CH4) also leads 
to formulation of more expensive diets and reduced 
CH4 emissions.
The set of feasible solutions (Table 4) enables the 
selection of diets with a desired level of trade-off be-
tween increase in dietary costs and reduction in CH4 
emissions. For example, in the first row of Table 4, 
dietary costs are at their minimum set by the target 
Table 4. Goal programming ranges of weights, diet costs, and methane emissions for the 12 goal programming 
distinct solutions1
Unique  
solution w1 w2
Diet cost  
($/cow·d)
ΔDiet  
cost (%)
Methane  
(MJ/cow·d)
ΔMethane  
(%)
1 1–0.876 0–0.124 5.95 — 21.58 20.54
2 0.875–0.819 0.125–0.181 5.96 0.08 21.51 20.11
3 0.818–0.613 0.182–0.387 5.97 0.19 21.44 19.75
4 0.612–0.606 0.388–0.394 5.98 0.41 21.39 19.49
5 0.605–0.604 0.395–0.396 6.65 11.73 19.08 6.56
6 0.603–0.463 0.397–0.537 6.81 14.39 18.54 3.54
7 0.462–0.331 0.538–0.669 7.09 19.24 17.98 0.44
8 0.330–0.303 0.670–0.697 7.12 19.59 17.96 0.31
9 0.302–0.248 0.698–0.752 7.15 20.01 17.94 0.17
10 0.247–0.080 0.753–0.920 7.16 20.19 17.93 0.13
11 0.079–0.038 0.921–0.962 7.25 21.83 17.91 0.02
12 0.037–0 0.963–1 7.31 22.70 17.91 —
1Unique solution is the identification of the unique solution in the set of feasible solutions, w1 and w2 are the 
ranges of goal programming weights that determined the same solution, Diet cost ($/cow·d) is the diet cost 
on a cow basis, ΔDiet cost (%) is the proportional increase in diet cost from the target diet cost (t1 = $5.95/
cow·d), Methane (MJ/cow·d) is the methane emission on a cow basis, and ΔMethane (%) is the proportional 
increase in methane emissions from the target emission (t2 = 17.91 MJ/cow·d).
Figure 2. Methane emissions versus diet costs from the solutions of 
the weighted goal programming model on a per cow daily basis.
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level $5.95/cow·d and CH4 emissions are 3.67 MJ/cow·d 
above its target level (CH4 = 3.67 + 17.9 = 21.6 MJ/
cow·d). Conversely, in the last row, CH4 emissions are 
at their minimum level of 17.9 MJ/cow·d and dietary 
costs are $1.36/cow·d above its target level [Cost = 1.36 
+ 5.95 = $7.31/cow·d]. The 10 middle solutions repre-
sent compromised solutions, which may be selected by 
the decision maker according to the trade-off limits. 
Overtly, solutions at the upper part of the table have 
more weight on minimizing dietary costs, and solutions 
at the lower part of the table have more weight on 
emission minimization. For example, at row 5 (Table 
4), dietary costs are $6.65/cow·d and CH4 emissions are 
19.1 MJ/cow·d, and at row 9 (Table 4), dietary costs 
are $7.15/cow·d and CH4 emissions are 17.9 MJ/cow·d. 
The changes in CH4 emissions and dietary costs were a 
result of formulation of different diets that supply daily 
nutrient requirements for the dairies from Castillo et al. 
(2013). For each of the 12 diets, the delivery of nutrients 
is greater or equal to the requirements of animals set 
by the NRC (2001) model and can be achieved at dif-
ferent combinations of DMI and diet nutrient density. 
For instance, DMI; NEL intake; and dietary contents of 
NDF, CP, and EE are plotted against the weight grid 
locus in Figure 4. When w1 decreased and w2 increased 
(weight grid locus went from 1 to 1001), more weight 
was placed in reducing CH4 emissions rather than 
minimizing dietary costs. Therefore, DMI was reduced 
because it is a major determinant of enteric CH4 emis-
sions and dietary NEL and CP contents increased to 
meet the nutrient requirement of an animal at a lower 
DMI level.
Mineral and nitrogen excretions and CH4, ammonia, 
and nitrous oxide emissions are potential environmen-
tal impacts generated in the process of milk produc-
tion. The goal programming model structure directly 
provides potential nutrient excretions calculated by 
mass balance (i.e., delivered − required). Figure 5 pres-
ents surpluses (i.e., amounts fed above maintenance) 
of phosphorus, potassium, chlorine, sodium, RDP, and 
RUP. Both protein forms were fed at the requirement 
level for all the weight combinations of the goal pro-
gramming model. It is important to notice that this 
does not imply a zero nitrogen balance because sur-
pluses were not calculated on a nitrogen basis. The 4 
minerals examined were fed at different levels above 
maintenance for the various goal programming weights, 
suggesting that the amount of these minerals fed above 
maintenance, and potentially excreted to the environ-
ment, would change with different levels of CH4 mitiga-
tion. Furthermore, the goal programming model also 
provided a strategy for examining CH4 emission miti-
gation costs. The mitigation costs (Table 5) increased 
monotonically with the increase in the intensity of CH4 
mitigation and ranged from $0.064 to $11.6/MJ of CH4. 
The global warming potential of CH4 can be used to 
convert mitigation costs to dollars per unit of carbon 
dioxide equivalent (CO2-e). The 28 global warming 
potential of CH4 gas represents the proportional po-
tential of CH4 in contributing to global warming over 
a 100-yr horizon in relation to carbon dioxide (IPCC, 
2013). In this context, mitigation costs expressed per 
unit of CO2-e ranged from $127 to $23,119/t of CO2-e 
[i.e., $0.064/MJ of CH4 × 55,650 MJ/t of CH4 × 1/28 
t of CH4/t of CO2-e = $127/t of CO2-e].
DISCUSSION
Prediction of Methane Emissions
The prediction model developed in this study had 
a particular structure dictated by its use in the linear 
and goal programming models. In particular, propor-
tionality and additivity assumptions are key in linear 
programming models (Winston and Venkataramanan, 
Figure 3. Deviational variables of the weighted goal programming 
model versus the weight grid locus representing the deviations of each 
solution point to the target levels set by the individual linear pro-
gramming models. pq denotes the positive deviational variable from 
the qth goal (minimize dietary cost or minimize methane emissions). 
Such variables represent deviations from the goal programming solu-
tion to the target level: p1 ($/cow·d) represents the deviation in dietary 
costs from its target; p2 (MJ/cow·d) represents the deviations from 
the target methane emission. The x-axis is the locus of the weight grid 
starting with objective function weights of (1, 0) for locus 1, where all 
weight is placed in minimizing diet cost, until (0, 1) for locus 1001, 
where all weight is placed in minimizing emissions. Sequential incre-
ments in weight are of 0.001.
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2002). The use of nutrient intakes as independent 
variables ensured that these assumptions were satisfied 
and respected the mass balance approach of the linear 
optimization models. The underlying strategy behind 
the model-selection procedure in this study was to iden-
tify, from the set of models predicting CH4 emissions 
with nutrient intakes, the model that minimized the 
deviance information criterion and had a design matrix 
condition number smaller than 10. However, it is im-
portant to point out that the biological interpretation 
of regression coefficients is limited when compared with 
more mechanistic models in which parameters often 
have a clear biological meaning. Furthermore, the main 
objective of this study was to develop a general frame-
work for jointly minimizing environmental impacts of 
livestock production and diet costs and not to explain 
the underlying biological principles behind prediction 
of methane emissions with linear models. The model to 
predict CH4 emissions is a small part of the linear and 
goal programming models and may be easily replaced 
Figure 4. Dry matter intake, NEL intake, and diet composition versus the goal programming weight grid locus, representing the changes 
in these variables for each goal programming solution. NDF = NDF diet percentage, EE = ether extract diet percentage, and CP = CP diet 
percentage. The x-axis is the locus of the weight grid starting with objective function weights of (1, 0) at locus 1, where all weight is placed in 
minimizing diet cost, until (0, 1) at locus 1001, where all weight is placed in minimizing emissions, with sequential 0.001 increments.
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with another linear prediction equation of similar 
structure. Recently, Moraes et al. (2014) developed CH4 
prediction models using robust model selection and fit-
ting techniques and investigated independent variables 
that were key in predicting emissions comprehensively. 
These fitted equations were based on biological and sta-
tistical principles primarily focused on the prediction of 
CH4 emissions from different classes of cattle and were 
evaluated with independent data in a cross-validation 
procedure. In this context, we suggest the use of the 
prediction models from Moraes et al. (2014) when the 
main objective is predicting CH4 emissions rather than 
the use of predicted CH4 emissions within a linear 
programming framework. Nevertheless, the evaluation 
of the CH4 prediction models from this study suggests 
good ability of the model in describing the observed 
data. In particular, observed versus predicted plots 
(Figure 1) show no severe mean or slope bias in the fit-
ted model because observations were mostly uniformly 
distributed along the unit line and the plot does not 
Figure 5. Surplus nutrient fractions in the diets formulated by the goal programming model. Values represent the amount fed above mainte-
nance and were calculated by supplied minus required. These can be used to investigate potential mineral and nitrogen excretions. The x-axis is 
the locus of the weight grid starting with objective function weights of (1, 0) at locus 1, where all weight is placed in minimizing diet cost, until 
(0, 1) at locus 1001, where all weight is placed in minimizing emissions, with sequential 0.001 increments.
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suggest a clear deviation from the zero intercept. The 
residual versus predicted values plot (Figure 1) sug-
gests good ability of the model in describing the data 
because no clear systematic pattern is evident. Finally, 
the RMSE, used as an indicator of the distance between 
the observations and model predictions, suggests good 
ability of the model in fitting the data as indicated by 
the relatively small magnitude of the RMSE in relation 
to the average CH4 emission.
Linear and Goal Programming Models
The CH4 mitigation strategy underlying the linear 
and goal programming models was to identify diets that 
generate reduced amounts of CH4 while delivering the 
required nutrients for a given level of milk production. 
These diets were often more expensive than the least 
cost diets and had an altered nutrient composition. For 
example, dietary NDF content was decreased in diets 
that generated reduced amounts of CH4. The reduction 
of dietary NDF to minimize CH4 emissions is biologi-
cally sound because the role of structural carbohydrates 
in determining CH4 emissions is well established (Moe 
and Tyrrell, 1979; Moraes et al., 2014). For instance, 
the fermentation of structural carbohydrates in the ru-
men leads to the production of proportionally greater 
acetate (Murphy et al., 1982), which generates greater 
amount of hydrogen serving as substrate for methano-
gens (Van Soest, 1994). Therefore, decreased amounts 
of CH4 may be obtained through the reduction of di-
etary NDF to levels determined by the constraints of 
the programming models. It is important to note that 
reducing dietary fiber to levels lower than levels recom-
mended by the NRC (2001) may compromise ruminal 
and cow health, affecting milk production. Furthermore, 
recent studies suggested that increasing dietary lipids 
contents and modifying the types of dietary lipids may 
effectively alter CH4 emissions from ruminants (Hook 
et al., 2010; Martin et al., 2010; Hristov et al., 2013; Pa-
tra, 2013). The increase in dietary EE was not directly 
forced by the model structure because the selected CH4 
prediction equation did not use dietary EE as an in-
dependent variable. However, reductions in CH4 emis-
sions were achieved through the reduction of nutrient 
intakes, therefore leading the model to select a diet that 
had a greater nutrient density. Specifically, dietary CP, 
EE, and NEL contents were increased in diets aimed at 
reducing CH4 emissions (Figure 4). From a modeling 
perspective, the observed changes in diet composition 
in this study were consistent with results from Moraes 
et al. (2012), where a reduction in CH4 emissions was 
also achieved with the formulation of diets with a lower 
proportion of dietary fiber, higher contents of energy 
and protein, and a reduction in DMI.
The constraint specifying the intake of the animal 
(Equation [7]) sets the DMI to be less or equal than the 
TMR intakes from Castillo et al. (2013). In this con-
text, the model is driven by the delivery of nutrients, 
which has to meet the animal nutrient requirements, 
rather than the formulation of a diet for a fixed DMI. 
Therefore, reductions in DMI are allowed in the model 
structure given that the delivery of nutrients still meets 
the animal nutrient requirements calculated by the 
NRC (2001). Reductions in DMI are sometimes associ-
ated with changes in feeding behavior and potential 
reductions in milk yields due to competition between 
animals. The linear and goal programming models from 
this study can be easily modified to formulate diets for 
a fixed DMI or to set the DMI to be within predeter-
mined levels. Specifically, the less-than-or-equal-to sign 
from Equation [7] may be replaced by an equal sign, 
forcing the model structure to keep the DMI fixed while 
altering dietary nutrient concentrations to achieve the 
decrease in CH4 emissions. Nevertheless, it is interesting 
to note that the total delivery of NEL in the goal pro-
gramming model was constant over different solutions 
and it was at the requirement level for every model 
solution. These results suggest that the proposed goal 
programming model, with the assumptions and techni-
cal coefficients described above, behaves similarly to a 
model that sets the NEL intake to a fixed level. Cows 
receiving the 12 different diets formulated by the goal 
programming model would therefore produce the same 
amount of milk.
Mitigation costs in this study were substantially high, 
corroborating with results from Moraes et al. (2012), 
who determined high costs of reducing substantial 
Table 5. Methane-emission mitigation costs (MC) for the 12 distinct 
goal programming solutions1
ΔSolution
MC  
($/MJ)
MC  
($/kg of CH4)
MC  
($/t of CO2-e)
2 − 1 0.06 3.54 126.67
3 − 2 0.09 5.50 196.59
4 − 3 0.28 15.75 562.66
5 − 4 0.29 16.19 578.21
6 − 5 0.29 16.34 583.50
7 − 6 0.52 28.90 1,032
8 − 7 0.91 50.42 1,800
9 − 8 1.03 57.26 2,045
10 − 9 1.36 75.65 2,701
11 − 10 5.19 289.34 10,333
12 − 11 11.63 647.33 23,119
1ΔSolution is the identification of the 2 unique solutions used to calcu-
late the mitigation costs at each row, and MC is the methane mitiga-
tion cost calculated as −[Diet Costs − Diet Costs−1]/[CH4,s − CH4,s−1] 
for the sth unique solution point (s = 2,…, 12). It was assumed 
that the energetic content of CH4 was 55.65 MJ/kg. The CO2-e is the 
carbon dioxide equivalent of CH4, which was calculated by the mass 
of CH4 times its global warming potential, which is assumed to be 28 
times the global warming potential of the CO2 (IPCC, 2013).
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amounts of CH4 emissions using a different set of feeds, 
animals, and methodology. These costs represent the 
increase in dietary costs associated with a unit reduc-
tion of CH4 emissions and may be used to determine 
imputed trading value of residual CH4 emissions. Dairy 
producers can use mitigation costs when trading their 
emission units in policy designs such as the cap-and-
trade systems. For example, if mitigation costs are higher 
than costs associated with carbon units in the carbon-
trading market, producers may purchase emission units 
and not implement regulations on site. Conversely, if 
mitigation costs are lower than costs associated with 
units from the emission-trading market, producers may 
implement regulatory policies on site with the possibil-
ity of trading their residual emissions. These results 
also suggest that if CH4 regulatory policies were imple-
mented in the dairy industry and producers relied on 
dietary manipulation for CH4 mitigation, trading cred-
its in the carbon market would be a gainful strategy. 
It is important to note that emissions costs are specific 
to our data set of lactating dairy cows and the adopted 
feed prices. Therefore, they should be interpreted with 
caution because extrapolation to other production 
systems may not be valid. Also, only emissions from 
enteric fermentation are considered in this study, and 
the potential changes in emissions at other stages of the 
production system are not considered. For example, the 
model does not account for emissions from manure and 
from secondary sources such as fertilizers used in the 
field. Likewise, the timeframe of the proposed model is 
one day as the daily nutrient requirements are the main 
drivers of the model solution. Consequently, the model 
does not represent changes in the herd structure over 
time. How changes in the conception and culling rates 
of animals would affect the trade-off among diet costs 
and methane emissions are therefore not represented 
in our model. However, the use of the proposed goal 
programming model within a herd structure dynamic 
model (e.g., Kristensen, 1992; Cabrera, 2010; Giordano 
et al., 2012) would allow the characterization of the 
effects of changing the proportions of each animal class 
within a dairy on the trade-offs between minimizing 
dietary costs and CH4 emissions.
Several studies have suggested a trade-off between 
mineral and nitrogen excretions with the reduction of 
CH4 emissions (Moraes et al., 2012; Dijkstra et al., 2013; 
Sauvant et al., 2014). Therefore, monitoring nitrogen 
and mineral excretion while examining CH4 mitigation 
is fundamental to ensure that a reduction in CH4 emis-
sions does not increase other routes of environmental 
impacts. For instance, Moraes et al. (2012) reported 
that nitrogen and potassium excretions increased by 
16.5 and 16.7% with a 13.5% reduction in CH4 emis-
sions from a baseline least cost diet. Similarly, Dijkstra 
et al. (2011) suggested an average increase of 0.30 g of 
CH4 per gram of urinary N decrease using various nu-
tritional strategies with grass silage–based diets. Deliv-
ering protein and minerals above the requirement level 
potentially increases nitrogen and mineral excretion to 
the environment. For instance, protein overfeeding may 
increase nitrate run-off to the environment, contribut-
ing to eutrophication, and manure ammonia volatiliza-
tion may cause respiratory problems in humans and 
animals as discussed by Reed et al. (2014). At the same 
time, excess mineral consumption may alter electrolyte 
balance and negatively affect milk production and ani-
mal health. Therefore, maintaining mineral and protein 
delivery within predetermined levels is necessary not 
only to reduce environmental impacts of livestock pro-
duction but also to avoid mineral toxicities. The goal 
programming model structure directly provides po-
tential nutrient excretions calculated by mass balance 
(Figure 5). For instance, all the diets formulated by 
the proposed model have levels of major macrominer-
als below toxic levels as reported by the NRC (2001). 
Furthermore, the linear and goal programming model 
structures can be easily modified to accommodate addi-
tional limits on the levels of protein and mineral supply. 
Specifically, the dietary content of a certain mineral 
may be constrained to a maximum value with the use 
of Equation [6] where l sets the mineral upper dietary 
limit.
Finally, the goal programming model structure is 
flexible and may be adapted to the joint minimiza-
tion of diet costs and other potential environmental 
impacts (e.g., nitrogen excretion). It is also flexible in 
the sense that CH4 predictions, dietary costs, feed nu-
trient composition, and animal nutrient requirements 
can be easily altered to accommodate various produc-
tion systems. Additionally, the linear and goal pro-
gramming structures can be used along with dynamic 
herd structure models (e.g., Giordano et al., 2012) in 
which changes in herd structure may affect the dairy 
total nutrient requirement. Furthermore, mechanistic 
models (Baldwin, 1995) may be used to calculate the 
nutrient requirements and predict milk production for 
a given level of supplied nutrients. In this framework, 
the model would represent changes in milk production 
with the changes in the delivery of nutrients. Alterna-
tively, the proposed optimization models can be easily 
incorporated into whole-farm models (Rotz et al., 2013) 
that represent farm-level nutrient balance. Most impor-
tantly, the model can be easily incorporated into freely 
available systems for management of individual farm 
data of producers. For example, the framework pro-
posed in this study can be incorporated into the Farm 
Smart system (Tricarico and Osborne, 2014), which 
provides self-assessment of environmental footprint and 
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uses a model integration environment (Tricarico and 
Osborne, 2014).
CONCLUSIONS
A weighted goal programming model was developed 
for the joint minimization of dietary costs and CH4 
emissions according to the willingness to meet a spe-
cific goal (diet cost vs. CH4 emissions). This framework 
extended the linear programming model recently pro-
posed by Moraes et al. (2012) because it generates a 
set of feasible solutions rather than a single solution. In 
practical terms, the model identifies a set of diets with 
different costs and predicted CH4 emissions that deliver 
a similar amount of nutrients. The decision maker can 
then choose from the set according to feeding costs, 
CH4 mitigation level, and system characteristics (e.g., 
availability of feeds). The model is based on a system-
atic weighting scheme of the objective function for the 
identification of the set of solutions with various trade-
off levels between the 2 goals. The model structure 
allows the calculation of CH4 mitigation costs, which 
can be used to determine a trading value of emissions. 
In this study, mitigation costs were substantially high, 
suggesting that mitigating CH4 by dietary manipulat-
ing may be expensive. The goal programming model 
structure is flexible so that CH4 predictions, feed prices, 
nutrient composition of feeds, and animal nutrient re-
quirements can be easily modified. Furthermore, infor-
mation about nitrogen and mineral excretions for dif-
ferent CH4-reduction levels are readily available in the 
model structure and are based on mass conservation 
laws. Therefore, the optimization framework developed 
can be applied to the examination and minimization 
of dietary costs and environmental impacts of various 
livestock production systems.
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